
Abstract. Starting from a set of high-level ab initio
frequency-dependent molecular ®rst- and third-order
polarizabilities, the macroscopic ®rst-order (linear) and
third-order (cubic) susceptibilities of the benzene crystal
are calculated. Environmental e�ects are taken into
account using a rigorous local-®eld theory and are
compared with the anisotropic Lorentz ®eld factor
approach. The experimentally determined ®rst-order
susceptibility of crystalline benzene is accurately repro-
duced. Dispersion curves for the ®rst-order susceptibility
and results for electric-®eld-induced second-harmonic
generation and third-harmonic generation experiments
are predicted. Comparison with similar calculations
conducted in the course of molecular simulations of
liquid benzene shows that the theoretical results for the
two phases are of comparable accuracy. Overall, the
results show that for the fairly compact nonpolar
benzene molecules, environmental e�ects on the e�ective
molecular response are small.
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1 Introduction

Optical linear and nonlinear susceptibilities are usually
measured in condensed matter, where the underlying
molecular properties are strongly a�ected by the in¯u-
ence of the environment and are therefore not directly
comparable with the results of theoretical calculations
which yield the linear and nonlinear polarizabilities of
the isolated molecule. Recently, a molecular dynamics

calculation of the macroscopic ®rst- and third-order
susceptibilities of liquid benzene has been published,
starting from molecular high-level ab initio polarizabili-
ties and hyperpolarizabilities [1]. The results of that
purely computational work showed good agreement
with available experimental data. The question then
arises whether a similar approach can be applied equally
successfully to crystals.

A method for the calculation of crystal susceptibilities
from molecular properties has been derived by Munn
and coworkers [2, 3]. In this model the local ®elds ex-
perienced by the molecules in the crystal are rigorously
calculated employing the point-dipole approximation by
summing the ®elds arising from the surrounding dipoles
in the crystal. This contrasts with the less rigorous but
often used Lorentz ®eld factor approach, which is an
anisotropic extension of the local-®eld factor calculated
by Lorentz for cubic and isotropic media.

The results of the application of the two approaches
to crystalline benzene are reported in this work and
compared with the results for liquid benzene.

An essential aim of this project is the complete de-
scription of the nonlinear optical (nlo) properties, i.e. the
calculation of both the molecular polarizability and
hyperpolarizabilities and the macroscopic susceptibiliti-
es, in the liquid and solid state using the appropriate
computational techniques. This goal may help us to
clarify open questions related to the e�ect of environ-
mental interactions on the nlo properties.

2 Theory

The theory of nonlinear response of molecular crystals in
the framework of local-®eld theory has been described at
length [2, 5]. Only a short summary of the parts relevant
for the case under consideration is given here.

Let a molecular crystal contain Z identical molecules
labelled k per unit cell. If the crystal is subjected to an
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external electric ®eld, the induced dipole moment p
k
of a
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where for brevity we do not indicate any frequency
dependence. The quantities a

k
, b

k
, c

k

are the molecular

polarizability and the ®rst and second hyper-
polarizabilities, respectively. Considering only dipole±
dipole interactions, the e�ective polarizability and
hyperpolarizabilities in the crystal coincide with the
properties of the free molecules for nonpolar molecules
like benzene. F k is the local electric ®eld acting on the
molecule and is the sum of the macroscopic electric
®eld E and the ®eld due to the induced dipole moments
of the surrounding molecules in the crystal. It can be
written as

F k � E �
X

k0
L

kk0 � pk0
��0v�ÿ1 ; �2�

where v denotes the volume of the unit cell, �0 is the
permittivity of free space (�8:8542 � 10ÿ12 V Cÿ1mÿ1)
and L

kk0
is the Lorentz-factor tensor [4].

The macroscopic polarization P of the crystal induced
by the external ®eld E can similarly be written as a series
in E

P=�0 � v�1� � E � v�2� : EE � v�3� ..
.

EEE � . . . ; �3�

where v�n� are the macroscopic electric n-th order
susceptibilities. The molecular induced dipole moment
and the macroscopic polarization P of the crystal are
related via

P �
X

k

p
k
vÿ1 : �4�

As shown by Hurst and Munn [2], algebraic manipula-
tion of Eqs. (1)±(4) leads to the desired connection
between the macroscopic susceptibilities and the molec-
ular polarizability and hyperpolarizabilities. For a
centrosymmetric molecule like benzene with a ®rst
hyperpolarizability b that vanishes by symmetry, the
equations reduce to

v�1��ÿx0; x0� � ��0v�ÿ1
X

k

a
k
�ÿx0; x0� � dk

�x0� ; �5�

v�2��ÿx0; x1;x2� � 0 ; �6�

v�3��ÿx0; x1;x2;x3� � ��0v�ÿ1
X

k

c
k
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:

�d
k
�x3�dk

�x2�dk
�x1�dk

�x0�� ; �7�
Here the frequency dependence has been considered
explicitly, and the output frequency x0 is the sum of the
input frequencies. The contraction between c

k

and the

quantity in square brackets in Eq. (7) is to be understood
as �c :

: �dddd��mnop �
P

ijkl cijkldlpdkodjndim. The local-®eld

tensors d
k
are given by

d
k
�
X

k0
D

kk0
�
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The boldfaced matrices are of order 3Z � 3Z: I is the
generalized unit matrix of order 3Z with submatrices
I

kk0
� 1dkk0 , where 1 is the 3� 3 unit matrix, while L and

a have submatrices L
kk0

and a
k
dkk0 , respectively.

As stated above, the equations given assume the point-
dipole approximation to be valid. It has been shown [5]
that this approximation is not satisfactory for the cal-
culation of a from v�1� in the case of some polyphenyls
and condensed aromatic hydrocarbons such as biphenyl,
naphthalene and their higher homologues. This problem
has been ascribed to the fact that the point±dipole de-
scription does not take into account the ®nite size and
shape of the charge density in the molecules, which gives
rise to nonlocal susceptibility functions v�n��r; r0� [6]. This
e�ect can be partly taken into account by considering
each molecule as composed of several submolecules j
each treated as a point dipole. Formally, only minor
changes are then necessary in the equations given above,
namely replacing the index k by the composite index kj.
In the calculation of the Lorentz-factor tensors the con-
tribution of di�erent submolecules in the same molecule
has to be excluded, so that one part of a molecule does
not polarize another part of the same molecule.

Often the in¯uence of the environment on the mo-
lecular properties in crystals is treated within the less
rigorous oriented-gas model, together with the aniso-
tropic Lorentz ®eld factor approximation [7]. Here the
local ®elds d in Eqs. (5)±(7) are obtained from the re-
fractive indices ni by

dij�x� � dij�ni�x�2 � 2�=3 ; �9�
where i and j label the crystallographic axes a, b, c.

Although it is much easier to apply than the more
rigorous approach, it has been shown that it may lead to
wrong results, in particular giving the wrong anisotropy
for elongated molecules [8].

3. Results and discussion

The static and frequency-dependent ab initio molecular
polarizability and second hyperpolarizability compo-
nents all and clmno are shown in Table 1. They were
calculated at the MP4(SDQ) level (static) with the
GAUSSIAN 94 software package [9] and at the
coupled-perturbed Hartree±Fock (CPHF) level (static
and frequency-dependent) with the GAMESS software
package [10] using the polarization-consistent Sadlej
basis set [11]. The HF values for all agree with those
given by Lazzeretti et. al [12] for the same basis set.
Values for clmno for smaller basis sets and lower level of
correlation (MP2) have been given by Perrin et al. [13]
and Adant et al. [14]. The input geometry used is the
experimentally determined geometry of benzene in the
gas phase [15] (CAC 0.13964 nm, CAH 0.10831 nm,
symmetry D6h). The di�erences from the geometry of
benzene in the crystal [16] are smaller than the exper-
imental uncertainties, indicating the rather weak e�ect of
the intermolecular forces in the benzene crystal. The
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molecular x and y axes lie in the plane of the molecule.
Due to molecular symmetries, the components of a and c

are symmetrical in x and y, and therefore only the x
components are given in Table 1. In the static case,
Kleinman symmetry holds, i.e. permutations of the set of
indices �ijkl� do not change the value of cijkl. This
symmetry is broken if the external electric ®elds are time-
dependent. However, for the frequency-dependent elec-
tric-®eld-induced second harmonic generation (EFISH)
and third-harmonic generation (THG) calculations re-
ported here, the deviations from Kleinman symmetry are
less than 3% at a wavelength of k � 694:3 nm and less
than 1% at k � 1064 nm. The corresponding compo-
nents are therefore not given in Table 1.

Three models have been employed for the calculation
of the macroscopic susceptibilities v�1� and v�3� for the
benzene crystal with the molecular polarizabilities of
Table 1 as input data:

1 Rigorous local ®eld theory (RLFT), as outlined in
Sect. 2, approximating a molecule of benzene by a
single point dipole situated at the centre of mass of the
molecule. This model will be abbreviated as RLFT1.

2 A model abbreviated as RLFT6, which is the same as
RLFT1 except that now each benzene molecule is
treated as composed of six submolecules placed at the
carbon atoms.

3 The anisotropic Lorentz ®eld factor approximation
(ALFFA), as given by Eqs. (5) and (7) with Eq. (9).
Usually, the refractive indices in Eq. (9) are taken
from experiment. However, as far as we are aware,
the dispersion of the refractive indices for the benzene
crystal has not been determined yet and values are
available only for the single wavelength k � 546 nm
[17, 22]. Use of these values would introduce a certain
amount of error whenever the wavelengths of interest
di�er from this value, i.e. in all cases considered
except v�1� at k � 546 nm. Therefore, we calculated

the refractive indices by means of the anisotropic
Lorenz-Lorentz formula [22, 24]

n2i ÿ 1

n2i � 2
� 1

3�0v

X
k

�aii�k ; �10�

where �aii�k is the ith diagonal component of a
k
in the

crystallographic coordinate system. For comparison,
we also give the results for v�1��k � 546 nm) in Table 3

using the experimental refractive indices (na � 1:544,
nb � 1:646, nc � 1:550). This variant of the anisotro-
pic Lorentz ®eld factor approximation is abbreviated
as ALFFA/Emp.

The division of a molecule into submolecules in
RLFT is rather arbitrary, being a poorly-de®ned com-
promise between the rigorous but numerically intracta-
ble nonlocal formulation of the molecular dipole
moment in terms of charge densities [6] and the well-
de®ned, tractable but less rigorous point-dipole model.
By comparing the results of models (1) and (2), i.e. the
point-dipole and the six-submolecule model, respective-
ly, it should be possible to assess the importance of
molecular extension in determining the crystal suscepti-
bilities of benzene. Bounds and Munn [5] calculated the
molecular polarizability of benzene from the experi-
mental v�1� for comparison with more extended aromatic
hydrocarbons, for which the point-dipole model evi-
dently failed, and reported that the point-dipole model
was su�cient for benzene, although no results were
given for any other partitions. Hence it may also be in-
teresting to see whether there is a similarly small e�ect

on v�3� of di�erent schemes for dividing benzene into

submolecules. As far as we know, this possibility has not
previously been investigated.

The crystal structure of benzene (orthorhombic,
space group Pbca, four molecules per unit cell) and the
dimensions of the unit cell at T = 270 K [�a; b; c� =
�0:7460; 0:9666; 0:7034� nm] were taken from Ref. [16].

The results of the calculations of v�1�ii and v�3�iijj are

given in the Tables 2±4. In Table 2 the results for v�1�ii for
static CPHF and MP4(SDQ) for the models RLFT1 and
RLFT6 are shown. As the values for axx and azz in
Table 1 show, the di�erences between the correlated and
uncorrelated levels of theory are very small, indicating
an essentially negligible in¯uence of correlation on the
polarizability a and consequently on v�1� of benzene. It is
not possible at present to calculate the frequency de-
pendence of the polarizability at the MP4 level. It has
been shown in several cases, however, that the frequency
dependence of the correlation e�ect calculated at the
MP2 level can be accounted for or by a multiplicative
correction [18±20], i.e.

all�MP2;x� � all�SCF;x�
all�SCF; 0� all�MP2; 0� ; �11�

Table 1 Static and frequency-dependent molecular polarizabilities
(all / 10

)40 C2 m2 J)4) and second hyperpolarizabilities (clmno /10
)64

C4 m4 J)3) for third-harmonic generation [THG: c()3x; x, x, x)]
and electric-®eld-induced second-harmonic generation [EFISH:
c()2x; x, x, 0)] of benzene at MP4(SDQ) and coupled-perturbed
Hartee±Fock (CPHF) levels

k/nm CPHF MP4(SDQ)
¥

¥ 1064 694.3

axx 13.10 13.27 13.51 13.19
azz 7.503 7.568 7.688 7.376

THG EFISH THG EFISH

cxxxx 1253 1707 1451 3019 1812 1510
czzzzz 1509 2118 1775 3867 2263 1357
cxxyy 418 569 483 1006 603 514
cxxzz 676 1039 831 2248 1119 621

Table 2. Calculated static ®rst-order susceptibilities v(1) of the
benzene crystal at CPHF and MP4(SDQ) levels

Static v�1�aa v�1�bb v�1�cc

CPHF/RLFT1 1.390 1.649 1.409
CPHF/RLFT6 1.350 1.679 1.359
MP4(SDQ)/RLFT1 1.386 1.664 1.406
MP4(SDQ)/RLFT6 1.346 1.694 1.354
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(and similarly for blmn, clmno), or by an additive
correction [21]

all�MP2;x� � �all�SCF;x� ÿ all�SCF; 0��
� all�MP2; 0� ; �12�

provided that the frequencies are far removed from any
electronic resonances. It has been argued that the same
corrections should also be applicable to higher levels of
correlation [18]. In the case of the MP4(SDQ) calcula-
tions for benzene considered here, both methods of
correction would result in very small changes for the
calculated ®rst-order susceptibility. Thus we do not
expect signi®cant correlation e�ects on the frequency-
dependent CPHF calculations for the ®rst-order suscep-
tibility reported here, at least outside the region of linear
optical absorption.

In Table 3 we compare the experimental v�1�, deter-
mined at k � 546 nm [17, 22] with the results of the
calculations with ab initio CPHF input values at the
same wavelength for all the local-®eld models consid-

ered. All models show good agreement with the experi-
mental values, as evidenced by the mean relative
deviations given in column 4. All models give the right
order of the components v�1�bb > v�1�cc > v�1�aa , but the AL-
FFA calculations considerably overestimate the anisot-
ropy d�1� of v�1�, de®ned by

d�1� � v�1�bb ÿ �v�1�aa � v�1�cc �=2 : �13�
In Fig. 1 the dispersion of the calculated v�1�ii values is

shown for i � a and i � b, the component v�1�cc being very
similar to v�1�aa . The forms of the dispersion curves for the
three models are very similar, but in magnitude the
ALFFA model di�ers considerably from the other two
models.

The results for v�3�iijj for the static case and the two
frequently used laser wavelengths k � 1064 nm and
k � 694:3 nm are shown in Table 4. THG and EFISH
are simulated.

The static values of cllmm change by 8±23% from the
CPHF level to the MP4(SDQ) level (see Table 1). One
may note especially the reversal of the magnitudes for
the diagonal components: cxxxx < czzzz for CPHF, but
cxxxx > czzzz for MP4. Although these changes are more
pronounced than in the case of the linear polarizability
a, they are by no means as dramatic as those which may
result from including correlation, e.g. in urea the values
calculated for c (CPHF) increase by a factor of �2.3 at
the MP4 level [23]. The changes between CPHF and
MP4 for c manifest themselves in slightly smaller dif-
ferences of the v�3�iijj values of 3±18% , owing to the partial
averaging e�ect of the di�erent orientations of the four
molecules in the unit cell. As in the case of v�1�, the
models RLFT1 and RLFT6 yield similar results, the

components v�3�iijj di�ering by up to 10% for the static

case and for THG and EFISH at k � 1064 nm and by
up to �13% for THG and EFISH at k � 694:3 nm. The
di�erences between ALFFA and the RLFT methods are

Table 3. Experimental [17] and calculated CPHF ®rst-order
susceptibilities v�1�ii of the benzene crystal at k = 546 nm; D is the
mean percentage deviation of the calculated from the experimental
values, d(1) is the anisotropy de®ned in Eq. (13), the numbers in
parentheses are the percentage deviation of the calculated values
from the experimental value

v�1�aa v�1�bb v�1�cc D d(1)

ALFFA 1.404 2.002 1.474 7.9% 0.563
(78%)

ALFFA/Emp. 1.397 1.885 1.451 5.4% 0.461
(46%)

RLFT1 1.487 1.774 1.506 6.2% 0.278
()12%)

RLFT6 1.441 1.808 1.448 4.4% 0.363
(15%)

Exp. 1.384 1.709 1.403 0.316

Fig. 1. Calculated dispersion

curves for v�1�aa and v�1�bb for the
benzene crystal
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more pronounced: up to 70% from the RLFT6 method
and up to 80% from RLFT1. Even more interesting are
the changes of the relative magnitudes of the compo-
nents between the models. While for the cross terms

v�3�aabb � v�3�bbcc > v�3�aacc for all three models, for the diagonal

terms v�3�aaaa � v�3�cccc � v�3�bbbb for RLFT1 and RLFT6, but

v�3�bbbb � v�3�cccc � v�3�aaaa for ALFFA. Further, the di�erence

between the largest and the smallest diagonal compo-

nent, i.e. v�3�aaaa ÿ v�3�bbbb is smaller for RLFT6 than for

RLFT1. Thus the RLFT6 model, which unlike the other
models is designed to take some account of the size of
the molecules, again gives results that lie between those
given by the two other models.

It is unlikely that the small di�erences between the
values of the components of v�3� calculated by the

RLFT1 and RLFT6 models can be resolved by any ex-
perimental measurement. On the other hand, the dif-
ferent orderings of the diagonal components predicted
by ALFFA and RLFT1/RLFT6 should be observable
experimentally. Therefore it should be possible to check
the predictions of the two di�erent theoretical models
ALFFA and RLFT1/RLFT6, at least qualitatively.

Unfortunately, data on v�3�iijj for crystalline benzene
are very scarce in the literature. We are aware of only

one experimental report by Hochstrasser et al. [17]
on resonant four-wave mixing at T = 2 K. They give an
estimate of the nonresonant component v�3�aaaa�ÿx0; x1;
x1;ÿx2� for k1 � 2pc0=x1 � 510 nm and k2 � 2pc0=x2

� 603 nm of 2.7 � 10ÿ14 cm2 ergÿ1, which after con-
version to SI units and multiplication by 4/3 (c.f. Ref.
[25], Appendix D) yields 503 � 10ÿ24 (m/V)2. This value
was considered quite a crude estimate by the authors
themselves and so it is not surprising that it compares
rather badly with the much higher values given in
Table 4. The calculated values refer to T = 270 K and
should further increase with decreasing temperature,
considering the expected increase of the local-®eld fac-
tors with decreasing temperature caused by the thermal
contraction of the crystal.

In order to compare the results given here with those
of the computer simulation of the liquid [1], which yield
isotropic results we de®ne average values by

hv1i � 1=3
X

i

v�1�ii ; �14�

hv3id � 1=3
X

i

v�1�iiii ; �15�

hv3ic � 1=3
X

ij

v�1�iijj�1ÿ dij� : �16�

Table 4. Calculated third-order
susceptibilities v�3�ijkl/10

)24

(m/V)2 of the benzene crystal.
Di�erences due to the violation
of Kleinman symmetry do not
exceed 3% for k = 694.3 nm
and 1% for k = 1064 nm

Static

CPHF MP4(SDQ)

ALFFA RLFT1 RLFT6 ALFFA RLFT1 RLFT6

v�3�aaaa 653 807 735 628 778 704

v�3�bbbb 814 506 560 950 599 656

v�3�cccc 684 788 718 668 762 687

v�3�aabb 257 226 227 266 237 235

v�3�aacc 147 176 164 166 196 178

v�3�bbcc 260 222 224 273 235 233

k = 1064 nm
(CPHF)

THG EFISH

v�3�aaaa 1028 1290 1165 807 1006 913

v�3�bbbb 1247 757 847 986 611 679

v�3�cccc 1081 1257 1137 847 981 891

v�3�aabb 397 356 356 314 279 280

v�3�aacc 200 245 227 169 206 191

v�3�bbcc 412 351 355 318 275 277

k = 694.3 nm

v�3�aaaa 2494 3247 2867 1126 1416 1245

v�3�bbbb 3114 1698 1950 1356 818 891

v�3�cccc 2659 3145 2775 1184 1380 1215

v�3�aabb 964 892 876 432 385 375

v�3�aacc 346 435 396 204 251 227

v�3�bbcc 1095 868 886 445 381 374
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The results for RLFT6 at the MP4(SDQ) level are
hv1i = 1.465, hv3id = 671 � 10ÿ24 (m/V)2, hv3ic = 215
� 10ÿ24 (m/V)2 and compare quite well with the corre-
sponding values for the liquid calculated at the MP2
level: v1II = 1.242, v3IIII = 533 � 10ÿ24 (m/V)2, v3IIJJ =
177 � 10ÿ24 (m/V)2 (in the notation of Ref. [1], I and J
denote two perpendicular axes in the laboratory frame).
Owing to the higher density of the solid, the local ®elds
and therefore also the mean susceptibilities of the crys-
tals are higher than those of the liquid. In the case of the
liquid, the calculated results compare favourably with
the experimental EFISH measurements of Levine and
Bethea [25]. This fact may also raise doubts about the
reliability of the value estimated by Hochstrasser et al.
for the nonresonant part of v�3�aaaa.

4 Synopsis and conclusions

Several applications of the rigorous local-®eld to various
crystals have already appeared in the literature [26],
using as input parameters semiempirical or low-level ab
initio values with their inherent weaknesses, making it
di�cult to assess the performance of the local-®eld
theory itself. To our knowledge, the present paper is the
®rst report about an application using molecular polar-
izabilities calculated at a reasonably high ab initio level
of computational chemistry and should therefore be less
a�ected by the limitations of this part of the calcula-
tions.

We have shown that the calculation of the macro-
scopic crystal susceptibilities for benzene in the rigorous
local-®eld theory yields reasonable results, which at least
in the case of the ®rst-order susceptibility compare
favourably with experiment, while for the third-order
susceptibility the comparison with the only available
experimental datum is less encouraging. However, this
value should be considered as an estimate and more
accurate experimental data are required in order to make
reliable comparisons with the results given here.

In the case of the ®rst-order susceptibility v�1�, com-
parison of the di�erent local-®eld models (namely the
rigorous local-®eld theory with the point-dipole ap-
proximation, the rigorous local-®eld theory with six
submolecules and the anisotropic Lorentz ®eld factor
approach) revealed no prominent di�erences, although
the rigorous local-®eld theories generally give better
agreement with the available experimental data. How-
ever, for the third-order susceptibility v�3�, the Lorentz

®eld factor approximation predicts considerably di�er-
ent results compared to the rigorous local-®eld models,
namely a di�erent ordering of magnitude of the diagonal
components, which should be detectable experimentally.
The di�erences between the six-submolecule treatment
and the point±dipole model in the rigorous local ®eld
theory are rather small. This is not unexpected as ben-
zene is a rather compact molecule in comparison with
the intermolecular distances in the crystal and may
therefore be well described by the point±dipole model, as
argued by Bounds and Munn [5].

Various factors can a�ect the calculation of the
macroscopic optical response of a molecular crystal,

even if the local ®elds are treated rigorously. One factor
is a change in the molecular geometry in the crystal
environment, but as already noted, we can ignore this
factor since experiment shows that any such geometry
change is negligible for benzene. Another factor is the
e�ect of the surrounding molecules on the e�ective
molecular response in the crystal environment. The
electric ®eld in the crystal caused by the permanent
charge distribution of the molecules means that the
molecular response required is that at this permanent
®eld rather than at zero ®eld [3], while orbital con®ne-
ment or valence compression in the crystal means that
the electron density cannot distort so freely in an applied
electric ®eld because it is restricted by the surrounding
molecules all trying to do the same. Since benzene is
nonpolar and relatively compact, this factor has been
ignored here. The good agreement found with experi-
ment thus con®rms that the interactions between ben-
zene molecules in the crystal are rather weak.
Considerations similar to these have been used to ra-
tionalize the second-harmonic generation observed from
crystalline thin ®lms of fullerene, C60, which adopts a
centrosymmetric crystal structure; although the centro-
symmetry is broken at the surface, the mechanism by
which this induces second-harmonic generation relies on
the interactions between the molecules and is extremely
weak because of the near-spherical molecular symmetry
[27]. Hence surface second-harmonic generation in the
benzene crystal will presumably also be very weak, al-
though benzene lacks the special features that help to
make the bulk magnetic dipole second-harmonic gener-
ation so strong in crystalline C60.
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